Abstract. We present the mathematical framework that governs the interaction of a forcegenerating microorganism with a surrounding viscous fluid. We review slender-body theories that have been used to study flagellar motility, along with the method of regularized Stokeslets. We investigate the role of a dinoflagellate transverse flagellum as well as the flow structures near a choanoflagellate.
that is driven by an applied magnetic field (Figure 1(f) ) [45, 48] . As this technology to direct and control parcel delivery by microscale machines is developed, the importance of understanding flows around both natural and fabricated microorganisms is evident.
Here, we will present the mathematical framework that governs the interaction of a force-generating microorganism with the surrounding fluid. This framework gives rise to a linear relationship between the forces supported by the microorganism (no matter how complicated its geometry) and the fluid velocity, both at the microorganism's surface and around it. We will review slender body simplifications that exploit the aspect ratio of a typical flagellum, whose thickness is much smaller than its length. We will also describe the method of regularized Stokeslets that may be used for more complicated geometries that are not well approximated by a slender-body assumption. Using both slender-body theory and regularized Stokeslets, we will examine the rotational and translational motion of a waving helical ring chosen as a simple model for the transverse flagellum of a dinoflagellate. A higher fidelity model of a dinoflagellate, which includes the cell body, will also be discussed. Finally, we will present some computational simulations of the flow around choanoflagellates.
EQUATIONS OF MOTION.
The governing equations of incompressible fluid dynamics express conservation of momentum and conservation of mass. Because the characteristic lengths and velocities for flows at the scale of microorganisms are so small, the fluid equations in this low Reynolds number regime reduce to the incompressible Stokes equations. In R 3 , they are
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(1)
where μ is the dynamic fluid viscosity, u is the fluid velocity, p is the pressure, and F is the force that the microorganism is exerting on the fluid. This force will be concentrated at points corresponding to material points of the microorganism. The first equation asserts that there is a balance between viscous forces, pressure forces and the forces exerted by the microorganism at each instant in time. This timedependent force imposes a time scale in the flow. The second equation asserts that the fluid is incompressible. At every spatial position x, for a given force F, these are four scalar equations in four unknowns (the pressure and the three components of velocity). The pressure is determined by the incompressibility condition-by taking the divergence of (1), we see that the pressure satisfies the Poisson equation p = ∇ · F in all of R 3 . Most importantly, (1) and (2) represent a linear relationship between the forces exerted by the microorganism and the fluid velocity. In the study of the hydrodynamics of microorganism motility, one may exploit this linear relationship in either of two ways. If the kinematics of the organism due to a prescribed sequence of motions of the flagellum is assumed, then the velocities of the material points at the organism's surface, up to a rigid translation and rotation, are known. Given these prescribed velocities, the distribution of forces F along the surface that is required to produce these velocities may be solved. However, for a free-swimming organism, these forces must be such that the total force and torque generated must be zero. These six constraints are used to solve for the translational and rotational velocity of the microorganism (another six scalars). Alternatively, one may take as given the forces F exerted at the organism's surface. From such a distribution of forces, the resulting velocity field u may be calculated. Since the velocity of a material point of the microorganism is equal to the fluid velocity evaluated at that point, the translation and rotation of the microorganism is achieved by moving its surface points at these calculated velocities. In this second approach, the kinematics of motility are not prescribed but emerge from the fully coupled fluid-microorganism system. In this work, we will give two examples of the first approach, where the fluid flow and resulting swimming progression are calculated based upon the prescribed kinematics of both a dinoflagellate and a choanoflagellate flagellum.
SINGULARITY SOLUTIONS OF STOKES EQUATIONS.
The fundamental solution of the problem in (1)- (2) is computed by considering an external force of the form F(x) = f δ(x − X), where δ is the Dirac delta distribution and f is a vector coefficient. We may solve for the pressure p(x) and substitute it back into (1) to solve for the fluid velocity. The result is the Stokeslet [36, 37] :
We see that the velocity field due to this point force concentrated at X is, indeed, singular at X, with a singularity 1/r , where r is the distance from the point of evaluation of the Stokeslet to the position of the applied force. For such forces distributed on the surface of the microorganism, the Stokeslet kernel is integrable. However, we note that the Stokeslet kernel is not integrable over a one-dimensional curve in R 3 . c THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 121
Other singularity solutions of the Stokes equations are derived from the Stokeslets by differentiation. For example, a dipole can be defined as the negative Laplacian of a Stokeslet of strength D:
Like the Stokeslet singular solution, the dipole singular solution satisfies the incompressibility condition ( (2) Here, for simplicity, we consider a tube with constant radius a (see Figure 2 ). This tube is considered a slender body if the parameter = a/L is small. In dimensionless variables, the slender body has length 1 and tube radius 1. The goal of slender-body theory is to develop an asymptotic formula that relates the velocity of the slender body's surface to forces, exerted along its centerline, that is consistent with that motion. To this end, one considers the superposition of Stokeslets and dipoles, given in (4)- (5), distributed along the centerline
where r = x − X (σ ) and r = |r|. The strength of the dipoles will be chosen so that the velocities on a given circular cross section are approximately constant. The zeroth order approximation. We consider first a straight cylinder aligned with the x-axis so that X(σ ) = (σ, 0, 0) and assume the forces and dipole strengths are constant along the section of the tube σ ∈ [−q, q] with q. The velocity due to this section of the tube at surface point x = (σ 0 , cos θ, sin θ) with |σ 0 | < q is
November 2014] FLOWS AROUND MICROORGANISMS with r i = x i − X i (σ ) and implied summation notation. The second term of each integral involves the factor r i r j , which leads to a θ dependence of the velocity of the tube. That is, the velocity is different at different surface points on the same cross section of the tube. The θ dependence can be eliminated from the leading order terms of the integrals by choosing D = − 2 f/4. With this choice, taking β = 4(q 2 − σ 2 0 )/ 2 , the velocity above is (to leading order in /q)
In resistive force theory, a long tube is approximated by a series of straight cylindrical pieces placed end to end, and the velocity of each cylindrical piece is computed from (7). This local slender-body theory was used in the classic 1955 work by Gray and Hancock to study sperm motility [19] . Additional details can be found in [3, 31] . We note that as the evaluation point on the surface approaches an endpoint of the tube (i.e., as σ 0 → ±q), the approximation above becomes singular. This is a manifestation of the fact that the approximation degrades as the evaluation point approaches the tube endpoints. Higher-order singularities can be included to improve the expressions [25] . In the case of a periodic slender body, the centerline parametrization can be chosen so that the evaluation point is always at σ 0 = 0, leading to a simpler expression.
Lighthill's theory. We consider first a construction of the slender-body velocity following the strategy in [24, 30, 31] . The velocity evaluated at a point x is given by (6) with
where r = x − X(σ ) and r = |r|. The choice of D(σ ) is motivated by the arguments in the zeroth order approximation theory that eliminate the dependence on the angle θ from the leading order terms of the integrals. The goal is to let x approach a point on the tube centerline X(σ 0 ). To do this, the integral is divided into two pieces. The near-field portion is where |σ − σ 0 | is small, the forces are constant and equal to f(σ 0 ), and the tube is assumed to be straight. In the far-field portion, the dipole is neglected due to its faster decay in r . Combining these elements, we obtain a final expression
where r 0 = X(σ 0 ) − X(σ ), r 0 = |r 0 | and ρ = √ e/2. The factor f n is the component of f normal to the tube centerline. In Lighthill's slender-body theory, the errors are O( ).
Keller-Rubinow theory. Keller and Rubinow's theory [28] develops the relationship between velocity and force with errors O( 2 ln( )). They begin by approximating (6) at a point x in the fluid far from the filament. The far-field expression neglects the dipoles as they decay faster than the Stokeslets. Then, as before, (6) field, the tube is assumed to have a uniform force density and a negligible curvature, leading to the local term
where f 0 = f(σ 0 ), f n and f τ are the components of f(σ 0 ) normal and tangential to the tube centerline, and v(σ 0 ) is the unknown filament velocity at X(σ 0 ). This expression is matched asymptotically with the far-field velocity to produce a formula for the filament velocity at X(σ 0 )
where r 0 = X(σ 0 ) − X(σ ), r 0 = |r 0 |, and s is a unit vector tangent to the filament at X(σ 0 ). Because the asymptotic matching has been done for a point in the fluid, the Keller-Rubinow theory also provides an expression for the fluid motion. More details can also be found in [44] .
REGULARIZED STOKESLETS.
The Keller-Rubinow slender-body formulation [28] relies on the exact cancellation of integrals that have the same asymptotic singularity, which is difficult to achieve computationally unless one regularizes the integration kernel [44] . More generally, the Stokeslet formula gives a singular velocity field when the forces are distributed along curves or scattered points. This motivates revisiting the Stokes equations in (1)-(2) with a modified model of the forces. We consider a force that is distributed smoothly over a small sphere of radius δ. Rather than a delta distribution, the force is given by F(x) = fφ δ (|x − X|), where φ δ (r ) is a smooth symmetric function with total integral equal to 1 (like a narrow Gaussian). The regularization parameter δ controls the width of the function. The function φ δ (r ) can be selected so that G δ = φ δ and B δ = G δ can be solved analytically for G δ (r ) and B δ (r ). Using these definitions, the solution of
where r = |x − X|. As before, other regularized solutions to Stokes equations can be found by differentiation. The method of regularized Stokeslets has been used in many
FLOWS AROUND MICROORGANISMS applications related to the simulation swimming motions of microorganisms [5, 7, 16, 18, 40] . The regularized Stokeslet pressure and velocity in (10)-(11) are exact solution to Stokes equations due to the regularized force centered at X and are no longer singular; the velocity is exactly incompressible, and the expressions reduce to the singular Stokeslet in (3)-(4) as δ → 0. Using this method of regularized Stokeslets [6, 7] , one may readily compute the velocities at a collection of points on a surface due to forces exerted at those same points by summing up the resulting regularized Stokeslets because the Stokes equations are linear. Alternatively, one may invert this relationship to compute the forces at the points that give rise to prescribed velocities at these points. Once these forces are computed, the evaluation of the fluid velocity at any point in R 3 is easily achieved by summing up the Stokeslets due to each of these forces in (11) evaluated at that spatial point. We remark that a slender-body assumption is not required.
If a slender-body assumption is valid, then one may still exploit the geometry by distributing regularized singularities along a centerline rather than around the surface of the tube. The slender-body theories of Lighthill and Keller-Rubinow were rederived in [8] for the case of force and dipole fields where the delta distribution was replaced by a smooth localized spherically symmetric function φ δ (r ) centered at every point X(σ ) of the body centerline, as above. Note that δ is assumed to satisfy δ ∼ .
For example, the regularized Keller-Rubinow formula to the asymptotic order O(
where r 0 = X(σ 0 ) − X(t). While the standard theory is recovered as δ → 0, the final expression has built-in smoothing that eliminates instabilities encountered in computations with unsmoothed formulas (see [8] for details).
Regardless of the slender-body theory used in computations, the integrals in (8), (9), or (12) are approximated by discretizing the centerline of the slender body and replacing the integral with a quadrature rule. In practice, when the kinematics are imposed, the forces at the discrete points on the centerline are computed by solving a linear system of equations since the velocities at these same points are known.
EXAMPLES.
Function of the dinoflagellate transverse flagellum. Dinoflagellates are unicellular phytoplankton that swim due to the action of two flagella (see Figure 1(b) ). A trailing, longitudinal flagellum that propagates approximately planar waves, much like a sperm flagellum, and a transverse helical flagellum that is wrapped around the cell's equator and propagates helical waves. The swimming trajectories of dinoflagellates are helical, and the cell is observed to rotate about its longitudinal axis and translate also along this axis. Until recently, there were differing conclusions about the role of the each of the flagella [15, 32] . For instance, is the helical transverse flagellum responsible for rotation about the cell's axis or translation along the axis or both? In order to address this question, in [34] , we idealized the transverse flagellum by a closed cylindrical ring around which helical bending waves were propagated. Here, we revisit this idealized problem to compare Lighthill's slender-body calculations of rotational and translational velocity to those calculated using the method of regularized Stokeslets.
We prescribe the kinematics of the tubular helical ring, such that its centerline's position at time t is revolves around the ring. In the following, we report lengths scaled by the diameter of the baseline circle 2r , which we take equal to one, and velocities scaled by the velocity of the traveling wave. Figure 3 shows two views of a slender ring whose baseline circle has diameter 2r = 1, tubular radius is r h = 0.035 with four pitches supported along the ring and a helical amplitude of R = 0.09, wavelength is λ = , and angular frequency is ω = 0.1. Using the method of regularized Stokeslets, the forces that are consistent with the prescribed kinematics, along with the translational and rotational velocity that guarantee that momentum and angular momentum are conserved, were computed. The surface of the waving ring was discretized using 120 cross sections with six nodes per cross section. The average distance between neighboring points on the ring's surface was ds = 0.0325, and the blob size was chosen to be δ = 0.019. Figure 3 shows streamlines that are projected onto the given planes by computing the 3D fluid velocities on these planes due to the computed force distribution on the surface of the ring. Note the upward-welling flow at the ring's center. In these streamline plots, it is not possible to discern either the translational or rotational velocity of the ring that will perfectly balance force and torque. We report both the rotational velocity of the ring (V r ) about its axis and the upwards translational velocity normal to the ring's baseline circle (V t ) as a function of amplitude in Figure 4 . We find that, indeed, a wave passed around the helical ring causes it to undergo both rotation about its axis and translation along its axis. Whether it moves upward or downward is dictated by the handedness of the helix and the direction of the traveling wave. Figure 4 shows that both rotational and translational velocities increase with the amplitude of the helical wave. In this log-log plot, a line of slope two is included to demonstrate that these velocities are second order in amplitude for small amplitudes. We also note an excellent agreement between the velocities computed using regularized Stokeslets and those computed using Lighthill's slender-body theory. In fact, the translational velocities computed using both methods are basically identical. We remark that while the method of regularized Stokeslets relies on computing forces at a discrete collection of points on the two-dimensional cylindrical surface, the slender-body method computes forces only at a discrete collection of points that discretize the one-dimensional helical centerline.
Of course, this idealized helical ring, while shedding some light on the function of the transverse flagellum of a dinoflagellate, tells only a part of the story. What happens when this ring is wrapped around a cell body? Will it still rotate as well as translate along its axis? In order to examine this, we added a spherical cell body, centered also at the ring's center. Figure 5(a) shows a sphere whose radiusR = .5(r − R − 1.5r h ) and the sphere with twice that radius in Figure 5 (b). Because this structure no longer satisfies the assumptions of slender-body theory, we use the method of regularized Stokeslets to compute the rotational and translational velocities of the coupled cellflagellum system. The surface of the sphere is discretized using a spherical centroidal Voronoi tessellation [12] so that points are approximately equally spaced with the average distance between nearby points about ds on the ring's surface. Points on the surface of the waving ring will move with a superposition of two velocities-the velocity of the ring relative to itself due to the prescribed kinematics in Equation (13) and the velocity due to a rigid translation and rotation. The points on the surface of the sphere do not move relative to each other. Therefore, we specify the velocities due to shape changes on the waving ring as before but prescribe zero shape-change velocity at all points on the sphere. We then balance the total forces and torques on the combined cell-flagellum structure to calculate the translational and rotational velocity of the structure. Figure 6 (a) shows that the resulting normalized rotational velocity decreases with increasing spherical radius. However, Figure 6 (b) shows that the translational velocity along its axis actually increases with spherical radius. In fact, the translational velocity of the structure in Figure 5 (b) is about 33% larger than that of the helical ring alone. The rotational velocity, on the other hand, is about 19% smaller.
Note that the sphere in Figure 5 (a) is discretized with 450 points (the average distance between nearby points is 0.0329) while the sphere in Figure 5 (b) is discretized with 1800 points (the average distance between nearby points is 0.0332). We also choose a blob size δ = 0.019 as in the case without the sphere. 
Flows around choanoflagellates.
Choanoflagellates are microorganisms whose life cycle may include stages as a solitary, single cell as well as stages where it is part of a multicelled colony. It is believed that understanding the aspects of multicellularity in this model system can give insight into the evolution of cell differentiation in animals. The choanoflagellate Salpingoeca rosetta, in response to different environmental cues, differentiates into cell types that are either single celled or in colonies in the form of chains or rosettes [10] . Each of the single-celled microorganisms has a single flagellum that is responsible for motility and creating a fluid flow that draws bacterial prey onto the outer surface of its collar of microvilli (see Figure 1 In an effort to understand the role of the microvilli collar in the flow around a single choanoflagellate, either tethered in space or freely swimming, we use the method of regularized Stokeslets. The surface of a spherical cell body, individual microvilli, and the flagellum that is beating in a planar wave from cell body to tip are discretized. The velocity on the flagellum is imposed based upon the prescribed wave kinematics. Zero fluid velocity on the cell body and on the microvilli is also imposed. Because the cell body is fixed in space, as for a thecate cell, we do not allow for a translational and rotational velocity. Figure 7 shows four snapshots of projected streamlines for a cell without microvilli (column a) and a cell with microvilli (column b). The planar flagellum is undulating sinusoidally in the xz-plane. While the flow away from the microorganism is similar in each case, the flow nearby is certainly altered when microvilli are present. It is this nearby flow that dominates the dynamics of nutrient uptake at the cell surface. It is our hope to expand this model to study the hydrodynamic interaction of a collection of such cells in a colony. In particular, we expect that detailed models like these can be used to inform the more minimal models as in [39] .
DISCUSSION.
Here, we have presented an overview of the mathematics central to computing flows around microorganisms. Because the flagella of these small creatures are much longer than they are thick, the applied mathematician's quest for a small parameter ends in triumph. Slender-body theories have been succesfully used to study flagellar hydrodynamics. However, the diversity of microorganisms, with their many flagella and other appendages, quickly moves beyond the realm of slender-body assumptions. Other formulations, like the method of regularized Stokeslets, have been developed to address these complications.
It is important to note that the dinoflagellate and choanoflagellate examples chosen above assumed that the kinematics of the waving flagella were preset and not determined by the coupling to the viscous fluid around them. In fact, many challenging questions in the hydrodynamics of microorganism motility evolve around understanding how passive elastic forces and forces due to molecular motors interact with the surrounding fluid to achieve the observed wave form. How and why do the flagella of a bacteria form a bundle [2] ? Why does the symmetric beat pattern of a mammalian sperm change to a highly asymmetric one when it is about to fertilize the egg [11] ? The methodology described above is also perfect for these questions (i.e., [16, 35] )-here, the forces are specified and the resulting velocities are directly evaluated. However, this brings up a whole other set of mathematical modeling challenges. What are the elastic properties of the microorganisms and their flagella? What are the internal force generating mechanisms that enable flagellar beating, and how are they altered by biochemistry or mechanics?
In summary, the fluid dynamics of microorganism motility has been a driving force in applied mathematics and computation. With the advance of technologies, both experimental and computational, understanding movement at this microscale is possible. Of course, as more is learned, more questions are posed, presenting a rich array of intriguing problems for mathematical scientists.
